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Abstract 

 
Schedulability analysis is a cornerstone of modern 

real-time scheduling theory development. Utilization-
bound based schedulability test is considered one of 
most efficient and effective schedulability tests, because 
of its extremely low runtime overhead. Deriving the 
utilization bound for a given real-time system has, 
nevertheless, been a challenging task as it usually 
requires comprehensive modeling and understanding 
of the system and payload tasks. This paper is focused 
on deriving utilization bounds for weighted round 
robin schedulers. We demonstrate how to establish a 
unified modeling framework and then use it to derive 
utilization bounds. We obtain the optimal parameter 
selection that maximizes the utilization bound, then 
compare the new bound with those of fixed priority 
schedulers, and timed token ring schedulers. The new 
bound is further extended to systems with sporadic job 
requests. We argue that our modeling framework is 
highly versatile, and hence, can be easily tailored for 
analysis of other types of real-time systems. 

 
1. INTRODUCTION 

 

In this paper, we address issues related to utilization 
bound analysis of Weighted Round Robin (WRR) 
schedulers for hard real-time systems. By using a 
unified framework to analytically model the payload 
tasks and the scheduler, we derive utilization bounds 
under which the deadlines of the real-time tasks are 
guaranteed when a proper weight assignment algorithm 
is used. 

Schedulability analysis has been a cornerstone of 
modern real-time scheduling theory development. 
Schedulability analysis is important for the design and 
operation of real world applications. Additionally, 
schedulability analysis of a given system can reveal 
much information about the system properties and 
capabilities, hence allowing improvement of the 

systems. Yet, a major challenge is how to devise a 
schedulability test with low complexity, so that the test 
can be effectively deployed in real world applications. 
The utilization based schedulability test [38] is one of 
most preferred schedulability tests, in which a new task 
can be admitted only if the total system utilization is 
lower than a pre-determined bound. The utilization 
bound based schedulability test is efficient and 
effective because of its extremely low runtime 
overhead and its provision of a safe operational margin 
[60]. 

Deriving the utilization bound for a given real-time 
system has, nevertheless, presented a challenge as it 
usually requires comprehensive modeling and 
understanding of the scheduler and payload tasks. 
Though this paper focuses on deriving utilization 
bounds for WRR schedulers, we stress that our goal is 
not to promote a specific scheduling algorithm, since it 
is obvious that each scheduling algorithm has its own 
advantages, disadvantages, and most appropriate 
application domains. Rather, we would like to 
demonstrate how to construct a unified modeling 
framework which can then be used to derive utilization 
bounds for WRR scheduling algorithms. Consequently, 
we argue that our modeling framework is highly 
versatile and can be used for analysis of other types of 
real-time systems. 

In any case, WRR algorithms have broad real-world 
applications, such as process scheduling [12], [41], 
[48], [52], [57], load balancing of web server farm, 
[16], [34], server virtualization, etc. WRR is also the 
baseline algorithms used in bandwidth allocation [29], 
[30], [53], [59], e.g. Cisco Catalyst 5000 Family 
Switches [66], Cisco Switching Load Balancing [23]. 
Moreover, WRR and its variants have been proposed 
for wireless radio networks, e.g. (E)GPRS radio 
interface [31], Bluetooth protocol [15], [28], [36], 
wireless multimedia network [24], [25]. Finally, many 
embedded hardware real-time systems provide WRR 
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discipline as a main scheduling implementation [9], 
[49].  

In this paper, we will first establish a unified 
framework, following a similar approach in [60], to 
characterize payload tasks and WRR schedulers. Based 
on this framework, we are able to derive the utilization 
bounds for WRR schedulers. Different from the 
previous studies, our bound is parameterized by 
important system configuration factors, including (1) 
the number of tasks, (2) the normalized deadline 
(which measures the tightness of deadline assignment,) 
(3) tasks set workload burst-ness, (4) the overhead 
ratio, and (5) the normalized round robin frequency 
(i.e. the number of rotations in a time interval of the 
shortest relative deadline of the tasks). Consequently, 
our new bound allows one to easily determine the 
effects of system parameters on the utilization bounds. 
We will show how to obtain the optimal parameter 
selection that maximizes the bounds. We will also 
compare the bound of WRR schedulers with those of 
fixed priority schedulers, and timed token ring 
schedulers. We will further extend our results to 
systems with sporadic job requests, e.g. interrupt.   

The rest of the paper is organized as follows. 
Section 2 presents related work. Section 3 introduces 
our system model. In Section 4, a parameterized, 
closed-form schedulability bound is derived for WRR 
system. Detailed comparisons of the newly derived 
bound with the known results of other schedulers are 
provided in Section 5. The bound is further extended to 
system with sporadic jobs in Section 6. Conclusions are 
provided in Section 7. 

 

2. RELATED WORK 
 

Utilization bound analysis can be traced back to the 
seminal work [38], in which the authors derived the 
well-known 69% bound for rate monotonic 
scheduler/deadline monotonic scheduler (RMS/DMS) 
on single processor systems, where relative deadlines 
of periodic tasks are equal to their periods. Since then, 
extensive research has been conducted on utilization 
bound analysis, including the generalized bound for 
arbitrary deadline assignment schemes in [32], [33], 
and [46], the generalization of the bound result to 
multiframe tasks [42], [43], and harmonic chain tasks 
[19]. Utilization bounds for other types of schedulers 
and tasks were also extensively studied, i.e. the timed 
token ring protocols [3], [39], [63], [64], [65], the 
network environment fixed priority scheduler [62], and 
fixed priority scheduler with non-periodic tasks [1], 
[2]. Generalization of the utilization bounds from 
single processor to multiple processors were studied in 
[1], [4], [7], [10], [20], [26], [37], [44], [51]. 
Schedulability analysis for hierarchy and composite 
systems were studied in [22], [55]. Alternative forms of 

schedulability testing that is not utilization bound based 
have proven interesting, and much research work has 
been done in [5], [8], [11], [13], [27], [35], [47], [59], 
and [60]. Recently, utilization bounds and alternative 
schedulability tests for system with various constraints 
are studied extensively, e.g. temperature constraints 
[58], precedence constraints [40], variable deadlines 
constraints [54], preemptive constraints [10] and 
fairness constraints [20]. 

Unlike the extensive work on utilization bound and 
schedulability analysis performed for various 
scheduling systems, little has been done for WRR, 
despite the broad adoption of WRR in commercial 
systems. It has been proven in [50] that with proper 
weight assignment, WRR schedulers can provide 
deadline guarantees for real-time computing. However, 
most existing work on WRR had focused on improving 
fairness [29], [30], [53], [56], optimizing weight 
assignment [31], reducing burst-ness in distributing 
services to tasks [6], [59], and others. Limited work has 
been done on how to support quality of service 
guarantee with efficient and simple schedulability test 
algorithms, e.g. utilization bound based testing, which 
is desirable in many large-scale systems. A general 
understanding on the utilization bound of the WRR and 
its sensitivity to system parameters remains an open 
problem and is a main focus of this paper.  

 

3. SYSTEM MODEL 
 

In this section, we establish a unified framework 
that can analytically model and represent the payload 
tasks and scheduler service. 

 

3.1 Workload and Service Functions  
 

Let 1 2{    }nT T TΓ = , , ...,  denote a task set in a single 
processor system, where iT  is the ith task and the index 
i would be omitted in the later discussions when the 
context is clear.  Each of the tasks is composed of a 
sequence of jobs and the worst-case execution time of a 
job is called its job size. A job can start its execution 
after its release time, rt , and must be finished by its 
absolute deadline d rt t D= +  where D  is called 
relative deadline. For a job, the time elapsed from the 
release time rt  to the completion time ft  is called the 
delay (response time) of the job, and the worst-case 
(i.e., largest) delay of all jobs in a task is denoted by 

*d . The jobs of a task have the same relative deadline 
but may not have the same size. Jobs within a task are 
executed in a first come, first served order.  

The resource demand of task T  is denoted as ( )f t , 
the workload function for T ,  

( ) total size of  jobs released from  in [0,  ].f t T t=  (3.1) 
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Similarly, the processor time actually received by 
task T is denoted as ( )g t , the service function for T ,  

( ) CPU time rendered to jobs of task  in [0,  ].g t T t= (3.2) 
Based on the definitions of *d , ( )f t  and ( )g t , the 

worst case delay can be easily derived [13]: 

( )( )*
0sup inf | ( ) ( )td f t g tτ τ≥= ≤ + . (3.3) 

sup(Q) is the smallest upper bound of Q and inf(Q) 
denotes the greatest lower bound of Q. It can be 
verified that ( )inf | ( ) ( )f t g tτ τ≤ +  is the delay of the 
jobs arriving at time t . Thus *d  is the worst case 
delay of all the jobs from task T . 

A basic function of the schedulability test is to 
determine whether or not the following inequality 
holds: 
 *d D≤ . (3.4) 

One schedulability test technique is to calculate *d  
using (3.3) and compare the result against D. 
Unfortunately, this method is usually unsuitable for 
online operation because exact forms of ( )f t  and ( )g t  
may not be available when the schedulability test is 
made. Even if ( )f t  and ( )g t  are available, they are 
often too cumbersome to handle. A practical solution is 
to use some alternative forms of ( )f t  and ( )g t  for 
schedulability test.   

 

3.2 Payload Task Model  
 

3.2.1 Workload Constraint Function 
 

Much work has been performed to find simple 
alternative representations of ( )f t  available at 
schedulability test time. For example, a typical 
alternative is the workload constraint function ( )F I  
introduced in [21]. ( )F I  is said to be a workload 
constraint function for task T if for any 0 I t≤ ≤   
 ( ) ( ) ( )f t f t I F I− − ≤ . (3.5) 

For any F  that satisfies (3.5) ( )F I  is an upper 
bound of total size of jobs released in the time window 
[ ,  ]t I t− . We use I in (3.5) because F  is defined on the 
domain of time intervals, while ( )f t  is defined on the 
domain of time. Note that a large group of functions 
can satisfy (3.5) and for convenience we focus on non-
decreasing functions that satisfy (0) 0F = . 

3.2.2 S-shaped Workload Constraint Functions 
In [60], it was found that most real-time tasks could 

be modeled by the s-shaped workload constraint 
functions. As its name suggests, an s-shaped workload 
constraint function consists of segmented pieces, and 
resembles a staircase. The values of an s-shaped 

workload constraint function increase only at border 
points of segments. The segment length S is fixed and 
the increments may not be identical for the first L 
segments where L is a parameter. Formally, an s-
shaped workload constraint function can be expressed 
as follows: 

1

,
1

  
( )

( )   

h j
j
L j
j

C h L
F I

C h L C h L

⎧
⎪
⎪ =
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⎪
⎪ =⎩

≤
=

+ − >

∑
∑

 (3.6) 

where /h I S= ⎡ ⎤⎢ ⎥ , jC  is the increment at the beginning 
of the jth segment, and C is the constant increment after 
the thL  segment. When 1L = , an s-shaped constraint 
function reduces to the periodic task model 

( ) /F I I P C= ⎡ ⎤⎢ ⎥ . In this paper, we assume  

 1 2 .LC C C C≥ ≥ ≥ ≥L  (3.7) 
The s-shaped workload constraint function has a 

similar (stepwise) form as the multiframe function 
[42], but they are fundamentally different. The s-
shaped function is a "bound" of the workload function, 
while the multiframe function is an exact 
representation of the workload. Using the workload 
bound for schedulability analysis gives us much more 
freedom in characterizing the schedulability conditions, 
as was demonstrated in [60] and [61]. More details on 
s-shaped workload constraint functions can be found in 
[60] and [61]. 
3.2.3 Parameters of Task Set 

To capture the properties of the tasks, we introduce 
two task parameters in this section. The first parameter 
is the normalized deadline ki for Ti  which measures the 
tightness of task deadline: 
 /i i ik D S=  , (3.8) 
where Di is the relative deadline of Ti and Si is defined 
in (3.6). We follow the conventions in [19], [42], [33], 
[38] that for 1,  2,  ...,  i n=  
 ik  = k , (3.9) 
k  can be viewed as the deadline using S as the 
measurement unit and characterizes tightness of task 
deadlines. In general, the smaller the k, the more 
difficult it is to schedule the tasks.  

The second parameter, iμ , is defined to characterize 
the burst-ness  of a task  Ti: 

 
⎡ ⎤ ⎡ ⎤

( ) /
( ) /( )

i i
i

i i

F S S
F S Sk k

μ =  , (3.10) 

and the burst-ness for the whole task set  is defined as: 
 1, 2, ..., max ( )i n iμ μ==  . (3.11) 
By (3.7), one can notice that 
 1μ ≥  . (3.12) 
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μ  is ratio between the workload rate in a time window 

iS , and that in ⎡ ⎤ iSk .  Larger μ denotes a more bursty 
workload.  

 

3.3 Scheduler Model 
 

Recall that g defined in (3.2) represents the amount 
of services a task may receive via a scheduler and, 
therefore, reflects the behavior of the scheduler. 
However, we cannot practically use the g defined in 
(3.2) since it may be too cumbersome, or unavailable.  
In this section, we consider the alternatives of  g. 
3.3.1 Service Constraint Function 

A common alternative to ( )g t  is the generalized 
service constraint function introduced in [14], [17], and 
[18]. ( )G I  is said to be a generalized service constraint 
function if for any  0t ≥ , there exists I t≤  that 
preserves the property  
 ( ) ( ) ( )g t f t I G I≥ − + . (3.13) 

Typically, ( )G I  is assumed to be non-decreasing 
and (0) 0G ≥ .  (3.13) means that for any t we can find 
I, such that (1) all the jobs released in [0, t I− ] have 
been served, and (2) for jobs released in [ t I− , t], at 
least G(I) amount have been served. For more details 
and justifications of this definition, refer to [60] and 
[61]. 
3.3.2. Weighted Round Robin Scheduler 

For a WRR scheduler, task services are time-
multiplexed in a cyclic, round robin fashion. At its 
turn, task iT  can operate for up to Hi time unit where 
Hi is the time allocated to iT . Typically, Hi is 
calculated as: 
 ( )i iH O TCT τ= ⋅ − , (3.14) 

where iO , 0 1iO≤ ≤ , is the weight of iT , and the TCT  
is the target cycle rotation time, which is the desired 
time to complete one round of service for all tasks, and 
τ  is the time overhead for round robin operations in 
each round, i.e., the context switching costs in 
processor systems or the propagation delays in 
distributed systems. Generally speaking, τ  can be 
expressed as: 
 0nτ τ= ⋅ , (3.15) 
where n is the number of tasks in the system and 0τ  is 
a overhead constant, e.g. the cost of one context 
switching.  

 

3.3.3. Service Constraint Functions of WRR 
Schedulers 

For the WRR scheduler, we have the following 
result on its service constraint function. 

Theorem 1: For a WRR scheduler, its service 
constraint function for task iT  is given by 

 0 1
( ) /( )n

i ijj
G I HI n Hτ

=
⎢ ⎥= .+⎣ ⎦∑  (3.16) 

Proof. Let t  be an arbitrary time instant. If at  t  task 
iT  has at least one unfinished job, let s be the last time 

before t  when iT  has no unfinished job, or  

 ( ) ( )i ig s f s= .  (3-17) 
In time interval [ s , t ], the scheduler served at least 

1
/( )n

jj
I Hτ

=
⎢ ⎥+⎣ ⎦∑  rounds with a serving time length of 

iH  each round. In other words, task iT received at least 

( )1
/ n

jj
I Hτ

=
⎢ ⎥+⎢ ⎥⎣ ⎦∑ Hj amount of service. Formally, we 

have 

1
( ) ( ) /( )n

i i ijj
g t g s HI Hτ

=
⎢ ⎥− ≥ .+⎣ ⎦∑  (3-18) 

By substituting (3-17) into (3-18), we have 

1
( ) ( ) /( )n

i i ijj
g t f s HI Hτ

=
⎢ ⎥− ≥ .+⎣ ⎦∑  (3-19) 

By comparing (3-19) with (3.13), we known (3.16) is a 
service constraint function for the WRR scheduler.    
If at t  all the jobs from task iT  have been served, then 
by letting s t= , we can easily proof that (3.16) holds 
also. Q.E.D 

We can make the following observation for (3.16): 
• The service constraint functions are of periodic 

shapes, i.e. the values of the function increase only 
at multiples of 0 1

n
jj

n Hτ
=

+ ∑  at the amount of  Hi for 
Ti.  

• The service constraint function is a decreasing 
function of the 0τ , but an increasing function of  Hi.  

• When 0τ  is zero and 0TCT → , WRR becomes the 
Generalized Process Sharing(GPS) system and the 
service constraint function reduces to ( )i iG I O I= ⋅ . 

3.3.3 Parameters of WRR Schedulers 
Selection of proper system parameters is critical to 

precisely capture the system dynamics and to derive a 
useful bound. For this purpose, we will introduce two 
parameters in this section. 

To measure the portion of time consumed in round 
robin operations, we define the overhead ratio α  as 
follows: 
 0 /TCTα τ=  , (3.20) 
where 0τ  is the overhead constant defined in (3.15).  
To capture the effect of target cycle rotation time on 
schedulability bounds, we define the normalized 
rotation frequency as follows: 
 min /D TCTγ = ⎢ ⎥⎣ ⎦  , (3.21) 
where  
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 min min( )iD D= , (3.22) 
and we assume that 
 minD TCT≥ . (3.23) 
γ  is the number of rounds the system rotates within 
the time interval Dmin. The larger the γ , the faster the 
system rotates.  

 

3.4 Schedulability Bound 
 

With workload and service constraint functions 
defined in (3.5) and (3.13) for modeling task workload 
and scheduler service, a general schedulability test 
result is derived in [60]. 
Theorem 2 [60]: A task is schedulable if for any 0I ≥  
  ( ) ( )F I G I D≤ + . (3.24) 
where D is the relative deadline of the task.  

Though one can use (3.24) for each task to decide 
its schedulability, it may be time consuming, since 
(3.24) needs to be checked for all 0I ≥ . An alternative 
test is based on the schedulability bound. To perform 
this test, we need to generalize the classical definition 
of utilization for general tasks. Utilization is the 
resource consumption rate in a measuring time 
window. For periodic tasks, task period is typically 
used as the length of the measuring window, but this 
approach is not applicable to non-periodic tasks 
because they have no well defined “period.” An option 
proposed in [1] and [4]  is to use the task relative 
deadline as the measuring window, although we find 
that it is still too restrictive for the design of a versatile 
utilization bound analysis system for WRR. To relax 
the constraints, we propose to define the length of the 
measuring window as a linear scale of the relative 
deadline Dθ , where 0θ >  is called the scaling 
parameter and D  is the relative deadline of the task. 
Utilization defined on the basis of our proposed 
measurement window is called the scaled workload 
rate: 
 ( ) ( ) /i i i iW F D Dθ θ θ=  (3.25) 
and the task set workload rate as follows: 
 

1
( ,  ) ( ).n

ii
W Wθ θ

=
Γ = ∑  (3.26) 

When the context is clear, the term “scaled” may be 
omitted. When 1θ = , (3.26) reduces to the definition 
in [1] and [4]. The parameter θ  enables flexible 
representation of workload for different scheduling and 
workload scenarios. 

We say that ( )W θ∗  is a schedulability bound if an 
arbitrary task set Γ is schedulable when the following 
condition holds: 
 ( ,  ) ( )W Wθ θ∗Γ < .  (3.27)  

Theorem 3: ( )W θ∗  is a schedulability bound if the 
following condition holds: 
 ( )*

*( ) inf ( ,  )W Wθ θΓ∈Ω≤ Γ . (3.28)  

where 
{ }* |  such that ( ) ( )i i iT F I G I DΩ = Γ ∃ ∈ Γ > + . (3.29)  

Proof: Let nsΩ  denote the collection of non-
schedulable task sets. By definition, a schedulability 
bound is a lower bound of the workload rates of the 
task sets in nsΩ . By Theorem 2, we have *

nsΩ ⊂ Ω . 
Hence, any lower bound of the workload rate of the 
task sets in  *Ω  is a schedulability bound. Q.E.D. 

 

4.  SCHEDULABILITY BOUNDS OF WRR 
SCHEDULERS 

 

In this section, we analyze the schedulability bounds 
of WRR schedulers using the general system model 
introduced in the previous section. 
To support hard real-time computing, iO  must be 
properly allocated. In this paper, we will show that an 
effective weight assignment scheme is the normalized 
weight assignment: 
 (1) / (1,  )i iO W W= Γ , (4.1) 
where (1)iW  and (1,  )W Γ  are defined in (3.25) and 
(3.26). By (4.1) the weight assigned to a task is 
proportional to its workload rate. This scheme naturally 
matches many resource allocation requirements in 
practice, i.e. assigning larger weights to users with 
greater resource consumption rates. 

 

4.1 Schedulability Bound of WRR Schedulers 
 

By substituting the service constraint functions of 
the WRR scheduler derived in (3.16) into Theorem 3 
and solving the resulting optimization problem, we 
have the follow Theorem. 
Theorem 4: A schedulability bound with scaling 
parameter ⎡ ⎤ / kkθ =  for WRR scheduler with 
normalized weight assignment and s-shaped tasks is 
given by 

⎡ ⎤( ) ( ) ( )* / 1/(1/ 1) 1 1/ min 1,  W k n kk γ α μ= + ⋅ − ⋅ ⋅ .(4.2) 
Proof Sketch: For any non-schedulable task set, by 
(3.24), we know there  exists a Ti and 0I ≥  such that 

( ) ( )i iF I G I D> + . By (3.16) we know that 
( ) ( ) / ( ) / ( ) / (1,  )i i i i iF I I D TCT F D D TCT Wτ> + ⋅ ⋅ − Γ⎢ ⎥⎣ ⎦ and 

thus (1,  ) ( ) / ( ) / ( )i i i iW I D TCT F D D TCT τΓ > + ⋅ ⋅ −⎢ ⎥⎣ ⎦ . By 
(3.6), we have ( ) ⎡ ⎤( ) ⎡ ⎤ // ,  1,  W W kk kk= ΓΓ thus 

⎡ ⎤( / ,  )W kk Γ is greater than 
⎡ ⎤/ ( ) / ( ) / ( )i i i ik I D TCT F D D TCTk τ⋅ + ⋅ ⋅ −⎢ ⎥⎣ ⎦  which is lower 

bound by ( ) ( )1/(1/ 1) 1 1/ min 1,  n kγ α μ+ ⋅ − ⋅ ⋅ . That is, for 
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any non-schedulable task set, ⎡ ⎤( / ,  )W kk Γ is greater 
than ( ) ( )1/(1/ 1) 1 1/ min 1,  n kγ α μ+ ⋅ − ⋅ ⋅ and thus the 
theorem. Complete steps are given in Appendix A.  

The bound presented in (4.2) is a parameterized 
expression which allows obtaining bounds for different 
systems by plugging in specific values. In the next 
subsections, we will discuss the sensitivity of the 
bound and compare it with other schedulers. 

 

4.2 Sensitivity Analysis 
 

By (4.2), we can make the following observations 
on the sensitivity of the schedulability bound: 
• For given n, k, μ, and α, the bound increases with 

the cycle rotation frequency. Thus, decreasing TCT 
improves the chance for a task set to be scheduled.  
Figure 1 illustrates this trend for α = 0.  

• For given n, k, μ , and α, the bound decreases with 
the task set burst-ness μ . Increasing μ  implies a 
more bursty workload, which tends to be more 
difficult to schedule than less bursty ones. The 
bound is maximized when μ =1, which corresponds 
to periodic tasks.  

• For given  n, k, γ , and μ , the bound increases 
when overhead ratio α decreases. The bound is 
maximized when α =0, which is an ideal case in 
which the operation overhead is zero. 

• For given k , γ , μ , and α , the bound decreases 
with the number of tasks and approaches zero when 

1/n α→ , i.e., all processor time is consumed by 
round robin operation. 

• For periodic tasks with relative Di=Pi, and 2γ = , 
(two rounds of rotation per Dmin interval), the bound 
is 67%. When the normalized deadline increases 
from 1.0 to 10.0, the bound remains at 67%. This is 
illustrated as a serial of points in Figure 2. Note that 
this does not imply that k has no effect on the 
schedulability test, since the workload rate is 
measured differently. 

• For periodic tasks with Di=Pi, and 1γ = , (one 
round of rotation per Dmin interval), the bound is 
50%. This is highlighted on Figure 3 as one point.  

 
Figure 1. Schedulability Bound with 1k =  

 
Figure 2. Schedulability Bound with 2γ =  
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Figure 3. Schedulability Bound with 1μ =  

4.3 Optimal TCT Selection  
 

In a WRR system, parameters n, k and μ are fixed 
for a given task set. One can try to increase its 
schedulability bound by adjusting TCT. By (3.20) and 



 7

(3.21) we know that setting larger TCT may reduce the 
operational overhead ratio but, at the same time lead to 
lower rotation frequency. Thus, TCT should be 
adjusted to balance the operational overhead ratio and 
the rotation frequency. The following theorem gives 
the optimal TCT value that maximizes the 
schedulability bound. 
Theorem 5: The schedulability bound of a WRR 
scheduler for a given set of tasks is maximized when 
the value of TCT  is selected as follows: 
 min / *TCT D γ= , (4-3) 
where 

( ) ( )

0 min

0 min

min 0
min 0 min 0

min 0

1 if / 1/ 3
if / 1/ 3 and 

* / 1 1
Z / 1 1 <Z / 1 1

/ 1 1 otherwise

n D
n D

D n
D n D n

D n

τ
τ

γ τ
τ τ

τ

⎧ ≥⎪
⎪ <⎪⎢ ⎥= + −⎨⎣ ⎦ ⎢ ⎥ ⎡ ⎤+ − + −⎪ ⎣ ⎦ ⎢ ⎥
⎪

⎡ ⎤⎪ + −⎢ ⎥⎩

,(4-4) 

and 
( ) ( )0 min1/(1/ 1) 1 /Z x x n x Dτ= + ⋅ − . (4-5) 
When the TCT takes the optimal value, the 

schedulability bound is given by 

⎡ ⎤( ) ( )* 0

min

1 1/ 1 * min 1,  
1/ * 1

nW k kk
D

τ γ
γ μ

⎛ ⎞
= ⋅ − ⋅ ⋅⎜ ⎟+ ⎝ ⎠

. (4-6) 

Proof: Please see Appendix B. Q.E.D. 
By a careful observation of Theorem 5, we notice 

that the optimal TCT value only depends on 0 min/n Dτ , 
which is essentially the percentage of time consumed 
by round robin operations within a window of length 

minD . When 0 min/ 1/3n Dτ ≥ , the optimal TCT equals to 

minD  and when  0 min/ 1/3n Dτ < , the optimal TCT value 
would be either  min min 0/( / 1 1)D D nτ⎢ ⎥+ −⎣ ⎦  or 

min min 0/( / 1 1)D D nτ⎡ ⎤+ −⎢ ⎥   .  
Figure 4 plots the trend of the schedulability bound 
with the optimal TCT selection for the case of  1k =  
and 1μ = . It is clear that, when the optimal value of 
TCT is used, the schedulability bound is a monotonic 
decreasing function of 0 min/n Dτ . The rate of decrease is 
low for small values of 0 min/n Dτ , say, less than 0.01, 
and gradually increases when 0 min/n Dτ  becomes larger. 
When 0 min/n Dτ  approaches 1.0, the schedulability 
bound is close to 0%. 
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Figure 4. Schedulability Bound with the 

Optimal TCT  
 

5. COMPARISON WITH EXISTING RESULTS 
 

We now compare the newly derived schedulability 
bound of WRR with those of fixed priority schedulers 
and the timed token ring schedulers. 

 

5.1 Comparison with Fixed Priority Schedulers 
 

For simplicity, we focus on periodic tasks and 
assume that overhead ratio α of the weighted round 
robin schedule is 0.   

Consider a set of periodic tasks with deadlines equal 
to their periods. A schedulability bound for the rate 
monotonic scheduler is 69% [38]. For the same task 
system and WRR scheduler, we know that 1μ =  and 

1k = . By substituting these parameters into (4.2), we 
have a schedulability bound of /( 1)γ γ + . The curve of 
this function in plotted in Figure 5. As illustrated by 
Figure 5, the bound of the weighted round robin 
scheduler is lower than the bound of fixed priority 
schedulers when 2.26γ <  and out-performs the rate 
monotonic scheduler when 2.26γ > .  

For a set of periodic tasks with deadlines being half 
as long as their periods, a schedulability bound for the 
rate monotonic scheduler is 50% [33]. For the same 
workload, under the WRR scheduler we know that 

1μ = , and k=1/2. By substituting these parameters into 
(4.2), we have a bound of ( )/ 2( 1)γ γ + . Since 

( )/ 2( 1) 1/ 2γ γ + ≤ , we know that the rate monotonic 
scheduler outperforms the WRR scheduler in this case.  

For a set of periodic tasks with deadlines being 
twice as long as their periods, a schedulability bound 
for the rate monotonic scheduler is 81% [33]. For the 
same task system with the WRR scheduler, we know 
that 1μ = , and k=2. By substituting these parameters 
into (4.2), we have a bound of /( 1)γ γ + . It is evident 
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that when 4.32γ = , the WRR scheduler achieves the 
same bound as the rate monotonic scheduler and out-
performs it when  γ  further increases. 
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Figure 5. Schedulability Bound with 1μ =  

Based on the above analysis, we know that for the 
periodic tasks, the weighted round robin scheduler can 
achieve the same or even higher schedulability bound 
than the rate monotonic schedulers. This is because that 
fixed priority scheduler renders service to a job only if 
there is no higher priority job in the queue, even though 
completing the lower priority job first may avoid 
missing a deadline. In other words, fixed priority 
scheduler may allocate more service time to high 
priority tasks than what is needed to guarantee the 
deadlines, while WRR scheduler assigns task service 
time in proportional to its workload rate, which avoids 
over-allocation of service time to certain tasks. As 
such, WRR scheduler can outperform the rate 
monotonic scheduler under certain conditions. We 
should note that the above analysis focuses on a very 
simple case in which tasks are of a periodic shape and 
round robin overhead is negligible. However, similar 
trends still hold for more complex cases.  
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Figure 5. Schedulability Bound Comparison 

between WRR and Timed Token Ring 
Scheduler  

 

5.2 Comparison with Timed Token Protocol 
 

A local area network protocol closely related to 
WRR scheduler is the timed token ring scheduler of 
FDDI networks [3], [63], [65]. In FDDI, 
communication nodes are interconnected as a ring 
topology. Each node has real-time and non real-time 
packets. Real-time packets have hard deadlines, e.g. 
packets must be sent before their deadlines, while non-
real-time packets do not have any deadline.  Similar to 
the weighted round robin scheduler, a token is rotated 
among nodes and the desired time to finish one round 
of a token rotation is called the target token rotation 
time (TTRT). Upon receiving the token, a node will 
first send its real-time packets up to the allocated 
amount of time. Each node also keeps track of the last 
token rotation time, denoted by TTR. If the token 
arrives earlier in the last round, i.e. TTR < TTRT, then 
it will send its non-real-time packets up to the TTRT-
TRT amount of time. The rationale behind this is to 
"steal" the unused time slots in the last token rotation. 

Due to the interference of the non real-time packets, 
the service available to each node may be less than that 
provided by a weighted round robin scheduler. In turn, 
the schedulability bound will be lower. It has been 
proven in [3] that for periodic tasks with relative 
deadlines equal to their periods and normalized weight 
assignment scheme with a token rotation at least twice 
that of any interval of length of minimum task periods, 
the timed token ring scheduler has a schedulability 
bound of (1 ) / 3nα− . For this system, by (3.21), (3.8), 
and (3.10), we know that k=1, μ =1, and γ =2. By 
substituting them into (4.2), we know that a 
schedulability bound of the weighted round robin 
scheduler is 2(1 ) / 3nα− , twice that of the timed token 
ring. Figure 6 illustrates this difference for the case of 
n=100. 

 

6. EXTENSION FOR INTERRUPT SUPPORT 
 

Timely service of sporadic jobs (e.g. interruptions) 
is an important issue for any real-time scheduler. The 
WRR scheduler can perform these jobs in two ways: 
polling based and interrupts based. In the first 
approach, a polling service task Tp can be added to the 
existing task set and scheduled in same way as other 
task sets. New sporadic job will be queued in a job 
queue managed by Tp and may be served when Tp 
receives the processor resource. The schedulability 
analysis for WRR with a polling service task is 
relatively simple and the bound derived in Theorem 5 
can be directly used.  

WRR Scheduler 

Timed Token Ring Scheduler 
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In systems that request immediate service of 
interrupts, an interrupt service task Ts can be added to 
the existing task set in a WRR system. Ts has the 
highest priority among all the tasks and will preempt 
any running task if there is a new sporadic job. We use 
Cs to denote the maximum amount of processor time 
required by the sporadic jobs released within any time 
interval of length Ps. In other words, the workload of Ts  
can be modeled by a workload constraint function 

/s s sF I P C= ⎢ ⎥⎣ ⎦ . To model the context switching 
overheads, we assume that up to q sporadic jobs can be 
released within any time interval of length Ps. The 
context switching overheads for each sporadic job is, at 
most, 02τ  (switching from Ti to Ts and then from Ts to 
Ti ). For convenience, we define  
 0' 2s sC C qτ= + , (6-1) 
Cs’ can be considered the total worst case execution 
time spent on the sporadic jobs and related context 
switching for jobs released within any time interval of 
length Ps. We further define 
 ( )min' 2 ' /sD C TTRTγ = ⎢ − ⎥⎣ ⎦  (6-2) 

'γ  is the number of rotations within the period of 
min 2 'sD C− . By comparing (6-2) with (3.21), we can see 

that 'γ  takes into account the effect of the high priority 
interrupt jobs whose period is of minimum relative 
deadline. Now, we discuss the service constraint 
function of the tasks. 
Theorem 6: A service constraint function provided by 
WRR system to task Ti, i=1, 2, …, n, is 

( ) ( )1
( ) / ' / n

i s s j ij
G I I I P C H Hτ

=
⎢ ⎥= − +⎡ ⎤⎢ ⎥⎢ ⎥⎣ ⎦∑  (6-3) 

Proof: Please see Appendix C.  Q.E.D. 
Theorem 7: A schedulability bound for WRR with 
scaling parameter ⎡ ⎤ / kkθ = , normalized weight 
assignment, s-shaped tasks, and an interrupt service is 
given by 

⎡ ⎤ ( )*

min

' 2 '1 1( / ) 1 min (1 ),  (1 )
1/ ' 1

s s

s

C CW k n kk P D
α

γ μ
⎛ ⎞

≥ − ⋅ − ⋅ −⎜ ⎟+ ⎝ ⎠
 (6-4) 
Proof: Please see Appendix D.  Q.E.D. 

By a close observation of (6-4), we see that, for 
WRR system with interrupt service, both the workload 
rate of the interruptions and their worst case execution 
times (plus context switching overhead) affect the 
bound. The higher the workload of the interrupt service 
task (the more time spent on interrupt handling), the 
lower the bound. The ratio between 'sC  and minD  also 
affects the bound. When there are no interrupts in the 
system, the bound reduces to that of the WRR system, 
derived in Theorem 5. 

 

7. FINAL REMARKS 
 

Deriving the utilization bound for a given real-time 
system has been a challenging task that requires 
comprehensive modeling and understanding of the 
scheduler and payload tasks. Much work on utilization 
bounds has been done for priority driven systems. Our 
work reported here is among the first to systematically 
derive the schedulability bound for WRR systems.  The 
utilization bound we derived is a general one and 
parameterized for number of tasks n, round robin 
overhead ratio α , normalized rotation ratio γ , the 
normalized deadline k , and the task set workload burst-
ness μ . From this general formula, one can easily 
obtain schedulability bounds for specific WRR system 
configuration by simple plugging in of proper 
parameters. We compared the bound for WRR system 
with fixed priority systems and timed-token ring 
systems.  

A salient feature of our work is that the analysis is 
based on a unified modeling framework. As such, we 
argue that the modeling framework is highly versatile 
and hence can be tailored for analysis of other types of 
real-time systems. For example, a similar approach can 
be taken to analyze the schedulability bound of the well 
known Weighted Fair Queuing (WFQ) [23] scheduler 
since it is an approximation of the GPS scheduler and 
provides a similar service guarantee as WRR. Another 
interesting direction to consider is the schedulability 
bound of hierarchy scheduling policies, e.g. schedulers 
that integrate the fixed priority scheduling with the 
WRR.  
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APPENDIX A 
 

Theorem 4: A schedulability bound with scaling 
parameter ⎡ ⎤ / kkθ =  for weighted round robin 
scheduler with normalized weight assignment, and s-
shaped tasks is given by 

⎡ ⎤ ( ) ( )*( / ) 1/(1/ 1) 1 1/ min 1,  W k n kk γ α μ= + ⋅ − ⋅ ⋅ . (A-1) 
Proof.  By Theorem 3, we known that a service 
constraint function provided to task Ti by a WRR 
scheduler is: 

 ( )1
( ) / n

i ijj
G I HI Hτ

=
⎢ ⎥= .+⎢ ⎥⎣ ⎦∑  (A-2) 

By (3.14) and (4.1) we have 
 ( ) (1) / (1,  )i iH TTRT W Wτ= − ⋅ Γ  (A-3) 

By substituting (A-3) into (A-2), we have  
⎣ ⎦( ) (1) / (1,  ) ( )/i iG I W W TCTI TCT τ= ⋅ Γ ⋅ − .  (A-4) 

By Theorem 2, we know that a schedulability bound 
for WRR with scaling parameter ⎡ ⎤ / kkθ =  is 
 ⎡ ⎤ ⎡ ⎤( )*

*( / ) inf ( / ,  )W k W kk kΓ∈Ω= Γ . (A-5)  
where 

{ }* |  such that ( ) ( )i i iT F I G I DΩ = Γ ∃ ∈ Γ > + . (A-6)  
By substituting (A-4) into (A-6) and rearranging the 

resulting equation, we know that a schedulability 
bound is 
 ⎡ ⎤ ⎡ ⎤( )*

*( / ) inf ( / ,  )W k W kk kΓ∈Ω= Γ . (A-7)  
where 

{ }* |  such that (1,  ) ( ) / (1) / ( ) ( )i i i iT W I D TCT W F I TCT τΩ = Γ ∃ ∈Γ Γ > + ⋅ ⋅ −⎢ ⎥⎣ ⎦ .
 (A-8)  

*∀Γ ∈ Ω , let us define 
( )( )0( ) min ( ) / ( ) / (1)I i i iZ i I D TCT TCT F WIτ≥= + ⋅ − ⋅⎢ ⎥⎣ ⎦ .(A-9) 

Then by (A-8), we have  
 ( )1, 2, ..., n(1,  ) min ( )iW Z i=Γ > . (A-10) 

By substituting (3.25) and (3.20) into (A-9), we 
have 

( )
( )0

( ) / ( )( ) 1 min
( ) /

i i i i
I

i i i

I D TCT I D F DZ i n
I D TCT F DI

α ≥

⎛ + ⎞⎢ ⎥ +⎣ ⎦= − ⋅ ⎜ ⎟+⎝ ⎠
. (A-11) 

Since ( ) / ( ) / 1i iI D TCT I D TCT+ ≤ + +⎢ ⎥⎣ ⎦ , we have 

( )
( )0

( ) / ( )
( ) 1 min

( ) / 1
i i i i

I
i i i

I D TCT I D F D
Z i n

I D TCT F DI
α ≥

⎛ + ⎞⎢ ⎥ +⎣ ⎦≥ − ⋅ ⎜ ⎟⎜ ⎟+ +⎢ ⎥⎣ ⎦⎝ ⎠
. (A-12) 

It is easy to verify that 

min

( ) / 1 1 1
1 1( ) / 1 1 1/1 1

( ) / /

i

i

i

I D TCT
I D TCT

I D TCT D TCT
γ

+⎢ ⎥⎣ ⎦ = ≥ =
+ + +⎢ ⎥⎣ ⎦ + +

+⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

.(A-13) 

where minD  and γ   are defined in (3.22) and (3.21), 
respectively. By substituting (A-13) into (A-12), we 
have 

 
( ) ( )( )0( ) 1 min 1/(1 1/ ) ( ) / ( ) /I i i i i iZ i n I D F F D DIα γ≥≥ − ⋅ + ⋅ + ⋅

.  (A-14) 
Let I  = imS ω+  where 0 iSω≤ <  , iS  is the 

segment length of the s-shaped workload constraint 
function defined in (3.6), and m is a non-negative 
integer. By (3.6), we have 
 ( ) (( 1) )i i iF I F m S≤ + . (A-15) 

Substituting (A-15) into (A-14) and rearranging it, 
we get 

( ) ( )0

( )1( ) 1 min
( 1)1/ 1
i i i i

I
i i i

mS D F D
Z i n

F m S D
ω

α
γ ≥

+ +⎛ ⎞
≥ − ⋅ ⎜ ⎟++ ⎝ ⎠

.(A-16) 

Since  0ω ≥ , we have 

( ) ( )0

( )1( ) 1 min
( 1)1/ 1

i i i i
I

i i i

mS D F D
Z i n

F m S D
α

γ ≥

+⎛ ⎞
≥ − ⋅ ⎜ ⎟++ ⎝ ⎠

. (A-17) 

By (3.6) and (3.7), it can be verified that  
( ) ( )( 1) /( 1) /i i i i i iF m S m S F S S+ + ≤ . (A-18) 
Substituting (A-18) into (A-17) and rearranging it, 

we get 

( ) ( )0

( )1( ) 1 min
( 1)1/ 1

i i i i
I

i i i

mS D F D
Z i n

m F S D
α

γ ≥

+⎛ ⎞
≥ − ⋅ ⎜ ⎟++ ⎝ ⎠

. (A-19) 

By definition of s-shaped workload constraint 
function in (3.6) and k in (3.9), we know that  
 ⎡ ⎤( ) ( ) ( )i i i i i iF D F kS F Sk= = . (A-20) 

By substituting (A-20) into (A-19), we have  

( ) ( )
⎡ ⎤

0

( )1( ) 1 min
( 1)1/ 1

i i i i
I

i i i

mS D F SkZ i n
m F S kS

α
γ ≥

+⎛ ⎞
≥ − ⋅ ⎜ ⎟++ ⎝ ⎠

. (A-21) 

By substituting (3.8) into (A-21) and rearranging the 
resulting inequality, we have 

( ) ( )
⎡ ⎤

0

( )1( ) 1 min
( 1)1/ 1

i i
I

i i

F Sm k kZ i n
m F S k

α
γ ≥

+⎛ ⎞
≥ − ⋅ ⎜ ⎟++ ⎝ ⎠

. (A-22) 

Rewriting (A-22) into 

 ( ) ⎡ ⎤
( ) 0, 1, 2, ..

( )1 1( ) 1 min1/ 1 1
i i

mi i

F S m kkZ i n
k F S m

α
γ =

+⎛ ⎞≥ − ⎜ ⎟+ +⎝ ⎠
. (A-23) 

It can be verified that 
( ) ( )0, 1, 2, ...min min( ) /( 1) 1,  m m k m k= ≥+ + . (A-24) 

By substituting (A-24) into (A-23), we have 

( ) ⎡ ⎤
( )

( )( )1 1( ) 1 min 1,  
1/ 1

i i

i i

F SkZ i n k
k F S

α
γ

≥ − ⋅ ⋅
+

. (A-25) 

By (3.6) and (3.7), we have 
 ⎡ ⎤ ⎡ ⎤ ⎡ ⎤( ) / ( ) / /i i i i iF S F Sk k kμ μ= ≥  . (A-26) 

By substituting  (A-26) into (A-25), we get 

( ) ⎡ ⎤ ( )1( ) 1 min 1,  
1/ 1

kZ i n k
k

α
γ μ

≥ − ⋅ ⋅ ⋅
+

. (A-27) 

By substituting (A-27) into (A-10), we have 

( ) ⎡ ⎤ ( )1(1,  ) 1 min 1,  
1/ 1

kW n k
k

α
γ μ

Γ ≥ − ⋅
+

. (A-28) 
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By (3.6), we know that 

( ) ⎡ ⎤ ⎡ ⎤
⎡ ⎤

⎡ ⎤ ⎡ ⎤
1 1

( ) ( )
1,  ,  

n ni i i i
i i

i i

F D F Skk k kW W
D k S k kk= =

⎛ ⎞= = =Γ Γ⎜ ⎟
⎝ ⎠∑ ∑ .(A-29) 

By substituting (A-29) into (A-28) and rearranging 
the resulting inequality, we have  

⎡ ⎤( ) ( ) ( )1 11 min/ ,  1,  
1/ 1

W nk kk α
γ μ

≥ − ⋅ ⋅ ⋅Γ
+

. (A-30) 

Since (A-30) is true *∀Γ ∈ Ω , we know that 

⎡ ⎤( ) ( ) ( )*
1 1inf ( / ,  ) 1 min 1,  

1/ 1
W k n kk α

γ μΓ∈Ω Γ ≥ −
+

. (A-31) 

Then, by substituting (A-31) into (A-5), we get  

⎡ ⎤ ( ) ( )* 1 1( / ) 1 min 1,  
1/ 1

W k n kk α
γ μ

≥ − ⋅ ⋅ ⋅
+

. (A-32)  

Comparing (A-32) with (A-1), we have proven the 
theorem.  Q.E.D. 
 

APPENDIX B 
 

Theorem 5: The schedulability bound of a WRR 
scheduler, for a given set of tasks, is maximized when 
the value of TCT is selected as follows: 
 min / *TCT D γ= , (B-1) 
where 

( ) ( )
0 min

0 min

min 0
min 0 min 0

min 0

1 if / 1/3
if / 1/3 and 

* / 1 1 Z / 1 1 <Z / 1 1

/ 1 1 otherwise

n D
n D

D n D n D n

D n

τ
τ

γ τ τ τ

τ

⎧ ≥⎪
<⎪⎪⎢ ⎥= + −⎨ ⎢ ⎥ ⎡ ⎤⎣ ⎦ + − + −⎪ ⎣ ⎦ ⎢ ⎥

⎪⎡ ⎤+ −⎪⎢ ⎥⎩

,

(B-2) 
and 
 ( ) ( )0 min1/(1/ 1) 1 /Z x x n x Dτ= + ⋅ − . (B-3) 

When the TCT takes the optimal value, the 
schedulability bound is given by 

⎡ ⎤( ) ( )* 0

min

1 1/ 1 * min 1,  
1/ * 1

nW k kk D
τ γ

γ μ
⎛ ⎞

= ⋅ − ⋅ ⋅⎜ ⎟+ ⎝ ⎠
. (B-4) 

Proof: By (4.2), we know that a schedulability bound 
is 

⎡ ⎤( ) ( ) ( )* 1 1/ 1 min 1,  
1/ 1

W k n kk α
γ μ

= ⋅ − ⋅ ⋅
+

. (B-5) 

Let us define  
 minD TCTω γ= − ⋅ . (B-6) 
where γ  is defined in  (3.21). By (3.21), we have 
 0ω ≥ . (B-7) 

By substituting (B-6) and (3.21) into (B-5), we have 

⎡ ⎤( ) ( )
( )* 0

min

1 1/ 1 min 1,  
1/ 1 /

nW k kk D
τ

γ ω γ μ
⎛ ⎞

= ⋅ − ⋅ ⋅⎜ ⎟⎜ ⎟+ −⎝ ⎠
. (B-8) 

It is evident that (B-8) will be maximized when 
0ω =  and the maximum will be 

⎡ ⎤( ) ( )* 0

min

1 1/ 1 min 1,  
1/ 1

nW k kk D
τ γ

γ μ
⎛ ⎞

= ⋅ − ⋅ ⋅⎜ ⎟+ ⎝ ⎠
. (B-9) 

Now, we need to find a value of γ , 1,  2, ...γ = , that 
maximizes (B-9). Clearly, the value of γ  that 
maximizes (B-9) will also maximize  

 ( ) 0

min

1 1
1/ 1

nZ
x D

τγ γ
⎛ ⎞

= ⋅ −⎜ ⎟+ ⎝ ⎠
. (B-10) 

We can rewrite (B-10) as follows: 

( ) 0 0

min min

11 (1 ) ( 1)
1

n nZ
D D

τ τγ γ
γ

⎛ ⎞⎛ ⎞
= − ⋅ + − +⎜ ⎟⎜ ⎟+⎝ ⎠ ⎝ ⎠

. (B-11) 

An equivalent form of (B-11) is given by: 

( ) 0 0 min

min min 0

11 2 ( 1) ( 1)
1

n n DZ
D D n

τ τγ γ
τ γ

⎛ ⎞
= + − + + +⎜ ⎟+⎝ ⎠

. (B-12) 

Since min 0D TTRT nτ≥ ≥ , by calculating the 
derivation of (B-12) over γ , we know that (B-12) will 
be maximized when min 0/ 1 1D nγ τ= + − . But since 
γ can only take the value of a positive integer, we 
know that (B-12) will attain its maximum either at 
 ( )0 min 0max 1,  / 1 1D nγ τ⎢ ⎥= + −⎣ ⎦ , (B-13) 

or 
  1 min 0/ 1 1D nγ τ⎡ ⎤= + −⎢ ⎥ . (B-14) 

That is, the optimal value of TCT that maximizes 
the schedulability bound is: 

( ) ( )min 0 0 1

min 1

/ if 
/ otherwise 

D Z ZTCT
D

γ γ γ
γ

⎧ ≤
= ⎨

⎩
. (B-15) 

It is easy to verify that when min 0/ 3D nτ ≤ , 

0 1 1γ γ= =  and thus (B-15) is equivalent to  
 min / *TCT D γ= , (B-16) 
where 

( ) ( )
min 0

min 0 min 0 0 1

min 1

1 if / 3

* / if / 3 and Z <Z

/ otherwise

D n

D D n

D

τ

γ γ τ γ γ

γ

≤⎧
⎪⎪= >⎨
⎪
⎪⎩

. (B-17) 

By substituting (B-16) into (B-9), we know that the 
maximum schedulability bound  

⎡ ⎤( ) ( )* 0

min

1 1/ 1 * min 1,  
1/ * 1

nW k kk D
τ γ

γ μ
⎛ ⎞

= ⋅ − ⋅ ⋅⎜ ⎟+ ⎝ ⎠
. (B-18) 

is attained when min / *TCT D γ= . Hence, the theorem 
follows.  Q.E.D 
 

APPENDIX C 
 

Theorem 6: A service constraint function provided by 
WRR system to task Ti, i=1, 2, …, n, is 

( ) ( )1
( ) / ' / n

i s s j ij
G I I I P C H Hτ

=
⎢ ⎥= − +⎡ ⎤⎢ ⎥⎢ ⎥⎣ ⎦∑  (C-1) 
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Proof: Given t  and let s  be the latest time instant 
before s when the system has no unfinished jobs. In 
[ ,  ]s t   there are at most ( )( ) /s s sF t s t s P C− = −⎢ ⎥⎣ ⎦ amount of 
sporadic jobs. Since the total processing time in [ ,  ]s t  
is t s−  and the sporadic jobs can consume up to 

( ) / 's st s P C−⎡ ⎤⎢ ⎥  amount of service, we known that at least 

( ) / 's st s t s P C− − −⎡ ⎤⎢ ⎥  amount of processor time has been 
rendered to regular tasks 1T , …, nT . There are at least 

( ) ( )1
/ ' / n

s s jj
I I P C Hτ

=
⎢ ⎥− +⎡ ⎤⎢ ⎥⎢ ⎥⎣ ⎦∑ rounds in a WRR system. 

Since Ti receives at least Hi units of service time, in 
[ ,  ]s t , iT  receives at 

least ( ) ( )1
/ ' / n

s s j ij
I I P C H Hτ

=
⎢ ⎥− +⎡ ⎤⎢ ⎥⎢ ⎥⎣ ⎦∑ amount of service. 

By definition of service constraint function, the 
theorem holds. Now, we will derive the schedulability 
bound for WRR system with interrupt services.  Q.E.D. 

 
APPENDIX D 

 
Theorem 7: A schedulability bound with scaling 
parameter ⎡ ⎤ / kkθ = , normalized weight assignment,  
s-shaped tasks, and an interrupt service is given by 

⎡ ⎤ ( )*

min

' 2 '1 1( / ) 1 min (1 ),  (1 )
1/ ' 1

s s

s

C CW k n kk P D
α

γ μ
⎛ ⎞

≥ − ⋅ − ⋅ −⎜ ⎟+ ⎝ ⎠
 (D-1) 
Proof: By Theorem 6, we known that a service 
constraint function provided to task iT   is: 

1
( ) ( / ') /( )n

i s s j ij
G I I I P C H Hτ

=
⎢ ⎥= − +⎡ ⎤⎢ ⎥⎣ ⎦∑  (D-2) 

By (4.1) and (3.14), we have 
 ( ) (1) / (1,  )i iH TCT W Wτ= − ⋅ Γ  (D-3) 

By substituting (D-2) into (D-3), we have  

1

/ ' (1)( ) ( )
(1,  )

s s i
i in

jj

I I P C WG I H TCT
WH

τ
τ

=

⎢ ⎥− ⎡ ⎤⎢ ⎥⎢ ⎥= −
⎢ ⎥ Γ+⎣ ⎦∑

 (D-4) 

By Theorem 2, we know that a schedulability bound 
for WRR with scaling parameter ⎡ ⎤ / kkθ =  is 
 ⎡ ⎤ ⎡ ⎤( )*

*( / ) inf ( / ,  )W k W kk kΓ∈Ω= Γ . (D-5) 
where 

{ }* |  such that ( ) ( )i i iT F I G I DΩ = Γ ∃ ∈Γ > + . (D-6) 
By substituting (D-4) into (D-6) and rearranging the 

resulting equation, we know that a schedulability 
bound is 

⎡ ⎤ ⎡ ⎤( )*
*( / ) inf ( / ,  )W k W kk kΓ∈Ω= Γ . (D-7) 

where 

*

1

/ ' (1)|  such that (1,  ) ( )
( )

s s i
i n

ijj

I I P C WT W TCT
F IH

τ
τ

=

⎧ ⎫⎢ ⎥− ⎡ ⎤⎪ ⎪⎢ ⎥⎢ ⎥Ω = Γ ∃ ∈ Γ Γ > −⎨ ⎬⎢ ⎥+⎪ ⎪⎣ ⎦⎩ ⎭∑
.

 (D-8) 
For *∀Γ ∈ Ω , let us define 

( )0

1

( ) / '
( ) min (1)i i s s

I i in
ijj

I D I D P C TCTZ i H W
F IH

τ
τ

≥

=

⎛ ⎞⎢ ⎥+ − +⎡ ⎤ −⎢ ⎥⎜ ⎟⎢ ⎥= ⎜ ⎟⎢ ⎥⎜ ⎟+⎣ ⎦⎝ ⎠∑
.(D-9) 

We can rewrite (D-9) into 

( )0
( 1) '

( ) min (1)
i

i s
I is

i

I DI D C TCTZ i WP
F ITCT

τ
≥

⎛ ⎞+⎢ ⎥+ − + −⎜ ⎟⎢ ⎥= ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠

.  (D-10) 

An equivalent form of (D-10) is 
( )( )

( )0
1 '/ '( ) min (1)i s s s

I i
i

TCTI D C P CZ i W
FTCT I

τ
≥

⎛ ⎞−⎢ + − − ⎥= ⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠

 (D-11) 
Then by (D-8), we have  

 ( )1, 2, ..., n(1,  ) min ( )iW Z i=Γ > . (D-12) 
Le us define 

( )( )( )1 '/ ' /i s s sx I D C P C TCT= + − −  (D-13) 
By substituting (D-13), (3.25) , (3.20) into (D-12), 

we have 

( ) ⎣ ⎦
( )0

( )
( ) 1 min i i

I
i i

F DxxZ i n
x F DI

α ≥

⎛ ⎞
= − ⋅ ⎜ ⎟

⎝ ⎠
. (D-14) 

Since ⎣ ⎦ 1x x≤ + , we have 

( ) ⎣ ⎦
⎣ ⎦ ( )0

( )
( ) 1 min

1
i i

I
i i

F DxxZ i n
F Dx I

α ≥

⎛ ⎞
≥ − ⋅ ⎜ ⎟+⎝ ⎠

. (D-15) 

It is easy to verify that 
⎣ ⎦

⎣ ⎦ ⎣ ⎦ min

1 1 1
2 '1 1 1/ 1 1/ '1 1/ s

x
D Cx x

TTRT
γ

= ≥ =
−+ + +⎢ ⎥+ ⎢ ⎥⎣ ⎦

. (D-16) 

where minD  and 'γ   are defined in (3.22) and (6-2), 
respectively. By substituting (D-16) into (D-15), we 
have 

( ) ( )( )
( )0

1 '/ ' ( )1( ) 1 min
1 1/ '

i s s s i i
I

i i

I D C P C F DZ i n
F DI

α
γ≥

+ − −⎛ ⎞
≥ − ⋅ ⎜ ⎟

+⎝ ⎠
. (D-17) 

Let I  = imS ω+  where 0 iSω≤ <  , iS  is the 
segment length of the s-shaped workload constraint 
function defined in (3.6), and m is a non-negative 
integer. By (3.6), we have 
 ( ) (( 1) )i i iF I F m S≤ + . (D-18) 

Substituting (D-18) into (D-17) and rearranging it, 
we get 

( ) ( )( )
( )0

1 '/ ' ( )1( ) 1 min
( 1)1/ ' 1

i i s s s i i
I

i i i

mS D C P C F D
Z i n

F m S D
ω

α
γ ≥

+ + − −⎛ ⎞
≥ − ⋅ ⎜ ⎟⎜ ⎟++ ⎝ ⎠

.(D-19) 

Since  0ω ≥ , we have 

( ) ( )( )
( )0

1 '/ ' ( )1( ) 1 min
( 1)1/ ' 1

i i s s s i i
I

i i i

mS D C P C F D
Z i n

F m S D
α

γ ≥

+ − −⎛ ⎞
≥ − ⋅ ⎜ ⎟⎜ ⎟++ ⎝ ⎠

.

  (D-20) 
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By (3.6) and (3.7), it can be verified that  
 ( ) ( )( 1) /( 1) /i i i i i iF m S m S F S S+ + ≤ . (D-21) 

Substituting (D-21) into (D-20) and rearranging it, 
we get 

( ) ( )( )
( )0

1 '/ ' ( )1( ) 1 min
( 1)1/ ' 1

i i s s s i i
I

i i i

mS D C P C F D
Z i n

m F S D
α

γ ≥

+ − −⎛ ⎞
≥ − ⋅ ⎜ ⎟⎜ ⎟++ ⎝ ⎠

.

 (D-22) 
By definition of s-shaped workload constraint 

function in (3.6) and k in (3.9), we know that  
 ⎡ ⎤( ) ( ) ( )i i i i i iF D F kS F Sk= = . (D-23) 

By substituting (D-23) into (D-22), we have 

( ) ( )( )
( )0

( )1 '/ '1( ) 1 min
( 1)1/ ' 1

i ii i s s s
I

i i i

F k SmS D C P C
Z i n

m F S kS
α

γ ≥

⎛ + − − ⎞⎡ ⎤⎢ ⎥≥ − ⋅ ⎜ ⎟⎜ ⎟++ ⎝ ⎠
.

(D-24) 
Rewrite (A-22) into 

( ) ( )
( ) ( )

0

( ) 1 '/ '/1( ) 1 min
1/ ' 1 ( 1)

i i s s s i
I

i i

F k S m k C P C S
Z i n

kF S m
α

γ ≥

⎛ + − − ⎞⎡ ⎤⎢ ⎥≥ − ⋅ ⎜ ⎟+ +⎝ ⎠
.

  (D-25) 
An equivalent form is  

( ) ( )
( )( )

0

( ) 1 '/ '/1( ) 1 min
1/ ' 1 ( 1)

i i s s s i
I

i i

F k S m k C P kC D
Z i n

kF S m
α

γ ≥

+ − −⎛ ⎞⎡ ⎤⎢ ⎥≥ − ⋅ ⎜ ⎟+ +⎝ ⎠
.(D-26) 

Rearrange into 

( )
min

0

( )1 (1 '/ ) (1 2 '/ )( )
1/ ' 1 1mini i s s s

Ii i

F k Sn m C P k C DZ i
kF S m

α
γ ≥

⎡ ⎤− ⋅ − + ⋅ −⎛ ⎞⎢ ⎥≥ ⎜ ⎟+ +⎝ ⎠
.(D-27) 

An equivalent form of is 

( )
min

0 min

( )1 (1 2 '/ ) (1 '/ )( ) min (1 '/ )
1/ ' 1 1

i i s s s
I s

i i

F k Sn k C D C PZ i C P
kF S m

α
γ ≥

⎡ ⎤− − − −⎛ ⎞⎢ ⎥≥ − +⎜ ⎟+ +⎝ ⎠

.  (D-28) 
It can be verified that the right hand side of (D-28) 

is minimized either at m=0 or m = ∞ , so 

( ) ( ) ( )min

( )1( ) 1 min (1 '/ ),  (1 2 '/ )
1/ ' 1

i i
s s s

i i

F k S
Z i n C P k C D

kF S
α

γ
⎡ ⎤⎢ ⎥≥ − ⋅ − ⋅ −

+

. (D-29) 
By (3.6) and (3.7), we have 
⎡ ⎤ ⎡ ⎤ ⎡ ⎤( ) / ( ) / /i i i i iF S F Sk k kμ μ= ≥  . (D-30) 
By substituting  (D-30) into (D-29), we get 

( ) ⎡ ⎤ ( )min
1( ) 1 min (1 '/ ),  (1 2 '/ )

1/ ' 1 s s s
kZ i n C P k C D

k
α

γ μ
≥ − ⋅ − ⋅ −

+
.(D-31) 

By substituting (A-27) into (A-10), we have 

( ) ⎡ ⎤ ( )min
1(1,  ) 1 min (1 '/ ),  (1 2 '/ )

1/ ' 1 s s s
kW n C P k C D

k
α

γ μ
Γ ≥ − ⋅ ⋅ − −

+
.(D-32) 

By (3.6), we know that 
( ) ⎡ ⎤ ⎡ ⎤( )1

( ) / / / ,  1,  
n

i i ii
W F D D k W kk k=

= = ⋅ ΓΓ ∑ . (D-33) 
By substituting (D-33) into (D-32) and rearrange the 

resulting inequality, we have  

⎡ ⎤( ) ( ) ( )min
1 11 min (1 '/ ),  (1 2 '/ )/ ,  

1/ ' 1 s s sW n C P k C Dkk α
γ μ

≥ − ⋅ − ⋅ −Γ
+

.(D-34) 

Since (D-34) is true *∀Γ ∈ Ω , we know that 

 
⎡ ⎤( ) ( ) ( )* min

1 1inf ( / ,  ) 1 min (1 '/ ),  (1 2 '/ )
1/ ' 1 s s sW k n C P k C Dk α

γ μΓ∈Ω Γ ≥ − ⋅ − −
+

.  (D-35) 
Then, by substituting (D-35) into (D-5), we get  

 

⎡ ⎤ ( ) ( )*
min

1 1( / ) 1 min (1 '/ ),  (1 2 '/ )
1/ ' 1 s s sW k n C P k C Dk α

γ μ
≥ − ⋅ − ⋅ −

+

.  (D-36) 
Comparing (D-36) with (D-1), we have proven the 
theorem.   
 Q.E.D. 


