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Abstract

This article presents a novel dimensionaléguction technique, Regularized Noegative
Matrix Factorization (RNMF), which combines the amggativity castraint of NMF with a
regularization term. In contrast with NMF, which degrades to holistic representations with
decreasing amount of data, RNMF is able to extract parts of objects even in thesamgali

case.
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1. INTRODUCTION

Dimensionalityreduction techniques such as Principal Component Analysis (RGALinear
Discriminant Analysis (LDA)have been successfully applied to extract meaningful dimensions
from high dimensional data in many research areas. A promising dimensieedalitgtion
techniquethat emerged in recent yeais Non-negative Matrix Factorization (NMF) [1,2,3]. In

this method, a noenegativity constraint is imposed on the bilinear decompasiiio basis
vectors and encoding vectors. Since no subtractions can occur, NMF is consistent with the
intuitive notion of combining parts to form a whole [1]. Thus, NMF has the ability to learn basis
vectors that are the intrinsic local parts of objeetg.( a face consists of two eyes, a nose, a

mouth, etc), whereas the basis vectors with PCA and LDA are holistic (e.g., eigenfaces) [1,4].

NMF has been successfully applied to face recognition [5,6,7] and image classification [8]. For
face recognition pyoses, NMF provides better classification performance than PCA in the case
of partial occlusions due to the locality of the NMF basis vectors [7]. NMF has been also applied
to clustering gene expressions [9], and to extracting the substructure of geresiexs
(metagenes) [10]. In the latter case, the ability to learn local parts leads to the extraction of
meaningful metagenes. Thus, the locality of basis vectors in NMF is an important property for

the purpose of feature extraction in a number of dosnain

It has been shown that, in order to obtain local basis vectors, the training data has to contain a
variety of combinations of the intrinsic local parts of the objects [11]. However, this condition is
unfeasible in real applications due to the limitesnber of available samples, which may result

in basis vectors that are holistic. In order to improve the locality of NMF, a method known as

Local NMF (LNMF) has been proposed [12]. Although LNMF produces basis vectors that
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represent the local parts of thbjects, the algorithm converges slowly and leads to relatively

poor reconstructions of the data [13].

This article proposes a novel method, Regularized NMF (RNMF), to improve the locality of the
basis vectors in the limited sample case. RNMF is relaiea previous NMF regularization
method known as NoeNegative Sparse Coding (NNSC) [14,15]. NNSC employs a
regularization term that favosparse encoding vectoras a result, each object is represented by

a linear combination of a few basis vectors, Ihgt Ibasis themselves are not sparse. In contrast,
the regularization term in RNMF favosparse basis vectonshich, combined with the nen
negativity constraint, leads to a spatidthgal partsbased decomposition of objects. The
performance of the propasenodel is experimentally evaluated against PCA, NMF and LNMF

on two facial image databases.

2. NON-NEGATIVE MATRIX FACTORIZATION

In what follows, we assume that the data matrix is expressedragramatrix V, each column
being ann-dimensional sample outf a dataset withm samples. Dimensionali#seduction

techniques construct approximate bilinear factorizations of the form
Vij ~ (WH )ij = ZazlwiaH aj ’ (1)

whereW is nxr, H is rxmandMj; represents thae,() element of the matri¥. Ther columns of
W are called basis vectors. Each columrHois called an encoding vector, and is in to®ne
correspondence with a sample vecto¥WinEach encoding vector represents the coefficients of a

linear decomposition of the corresponding sample vector in terthe dfasis vectors W. The
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product of WH is a reconstructed form of the dataVin and the columns diVH are called

reconstructed vectors.

PCA performs this decomposition by minimizing the reconstruction error under the constraint
thatthe basis vectors & orthogonal. Irthis case, the columns & are the eigenvectors of the
correlation matrix oV [4]. In NMF, the reconstruction error is minimized under the constraint
that all the elements W andH be nonnegative, which leads to a paliased represéation of

the data [1].

Two iterative algorithms have been proposed for the effective computatiénaoidH in NMF
[2]. The first algorithm employs the Euclidean distance betweandWH (Frobenius error) as

an objective function:

J =||V_WH||2=Z(Vij _(\NH )ij)21 (2)

whereas the second algorithm uses the informdkiearetic divergence:

Vij
(WH )ij

J= Z (Vij Iog - Vij + (WH )ij ) ) (3)

both subject to the constraint\§;, H;; > 0; Vi, j}. It can be shown that the objective functions in

Egs. (2) and (3) can be monotonicalBcdeased with the following update rules, respectively [2].

WTV)_ 18
Rue)  HyeH, - Vo, s (4a,9
(W WH ), (WHH ),
W,V [(WH ), H,V, /(WH),
(Rule 1) H, < H, 2 (W), W, « W 2, HaVs L (5ab

Zk Wka ia ia ZV H N

4
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Note that, since these update rules are multiplicative, initiailnegative matrices remain non
negative for alffuture iterations. Following each iterative step, the basis vectors are normalized

with the Ly or L, norm.

(L1 Normalization) W, < W, /> W, (6)

(L2 Normalization W, « Wia/ /ijjaz (7)

In order to increase the locality of the basstors, LNMF uses a modified divergence:

V.
3= (Vy log e =V + (WH), )+ (WTW), = S35 (¢ H), . (8)

(WH )u

whereq, f are nornegative constants [12]. It must be noted that in [12] the fgymwTw), is
ij

omitted when driving an update rule\&f for Eq. (8). Therefore, LNMF seslbasis vectors that
minimize the divergence and maximize the diagonal elemerit#idf(i.e., the autocorrelation
matrix of the encoding vectors). The resulting update ruleWoris the same as Eq. (5b),

followed by Ly normalization, whereas the updateertdrH is given by

H oy JHy D WV, (WH), 9)

In the original LNMF, the resulting encoding matrkt does not yieldto the minimum
reconstruction error for the basis vectérs This is due to the simplification made by the authors
when deriving the pdate rule forH (refer to [12] for details). Therefore, for the purpose of
evaluating the basis vectovg in terms of the reconstructiagrror, H needs to be recalculated

after the fixedpoint iteration (5b), (9) has converged. In our article, the relegion of H was
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performed by iteratively calculating with Eq. (5a) until convergence, using the final value of

W obtained from Egs. (5b), (9).

3. REGULARIZED NON -NEGATIVE MATRIX FACTORIZATION

This article proposes a regularization method to obtain a spepsesentation for the basis
vectors in NMF. Regularization encourages smooth regression by adding a penaltyf@fm

to the objective function [16], or sparse encoding by adding a penaltyitéd) [17], where
f(e) is a complexitypenalty function, ad A is the regularization parameter. As mentioned earlier,
regularization was employed in NNSC [14,15] to obtaparse encoding vectothrough a

regularization termyy” H, - In contrast, RNMF uses regularization to encoursyggrse basis
jj

vectorswith the following objective function:
J= %Z(Vij - (WH )ij )2 + ﬂ“zwij ) (10)
ij ij

where is a noAnegative constant. For simplicity, only Euclidean distance is considered in this

article, though RNMF can also be applied to divergdrased objective funicins.

The parametes weights the relative importance of the reconstruction error and the sparseness.
The appropriate range of values for the parametiEpends on the relative magnitude of the two
terms. To decrease this datependency, aormalizedpamameteri6is instead specified by the

user:
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o3, (v, - (WH), )?

Zij Wij

A=A =0 (12)

=0

wherez__(.) is the value ofy" («) when 4 = 0. These values are calculated once at the
ij [}

=0
beginning of the RNMF algorithm using = 0, and then el to normalize the regularization

parameter.

The update oH for the objective function (10) is the same as that in the original NMF (Eqg. (4a))

since the regularization tern®” w, does not depend ad. However, a multiplicative update
Il

rule for W as derived in [2]s not guaranteed to converge for an objective function that includes
a regularization term (E5q(8) and (10)), since the normalizationvfrescales the regularization
term. In the original NMFthis normalization does nqgirewent the convergencaince this
algorithmcompensatefor it by rescalingH in subsequent iterations. A solution to the problem

of normalization in regularization methods has been proposed by Hoyer for NNSC [14] using
gradient descent combined with the awegativity constraint. A similar strategy is employed in

our RNMF algorithm, which results in the following steps.

1. Initialize W andH to random positive matrices, and normalize each columi bfy L,

norm.

2. lIterate until convergence:

() Updatew, w2 w, vy /- S -2 (4> 0).

ia

(b) Set to zero any negative value\in
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(c) Normalize each column &Y by L, norm.
(d) Update,, « H, (W'v), /(W"WH),

This algorithm decreases the objective function under the normalization constraint if the learning

parameteg: is small enough [14]. Note that hormalization inij —1) cannotbe used since the

regularization termy> w, would then become constant.
ij [

4. EXPERIMENTAL

Two facial image databases were used to characterize RNMF against NWH; and PCA.

The first database, obtained from CBCL (Center for Biological and Computational Learning,
MIT), contained 2,429 hanrdligned frontal faces with several faciekpressiond18]. Each

image was 1919 pixels in size, as shown in Fig. 1(a). Theos&l set was the ORL database
(AT&T Laboratories Cambridge) [19], which consisted of 400 images (40 peddeimages).

Each image, 1282 pixels in size, was a frontal view an upright position with a slight left

right rotation, as shown in Fig(b). The CBCL database was used to investigate ssaafiple

effects on the locality of the basis vectors extracted by NMF. The ORL database, which contains
significantly larger images, was used to show that the results obtained with RNMF are not

specific to a prticular database.

Each column in the data mathk was obtained by sampling the corresponding image in faster
scan fashion. Subsequently, each rowiwas normalized by its standard deviation in order to

weight equally all features in the data vectar.( all pixels in the image).
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Three measures were used to characterize RNMF, NMF, LNMF and PCA: relative Frobenius

errore, sparseness and collinearityg.

e=\/2ij(v_\NH)iiz/\/ZijViiz (12)
s= Fraction of zero entries (less thar®Lth W (13)
¢ = Zi¢j (WTW)ij /zi=j (WTW)ij (14)

The relative Frobenius err@is a measure of the reconstruction error. The sparseanssa
measure of locality, and is large for pabsed representations. The collineagts a measure

of overlap among the basis vedpand is low for orthogona¢presentations

(b)
Fig. 1 Examples of face images in databases. (a) CBCL databa$8] [(19x19 pixels, 2429
images), (b) ORL databasel9] (112x92 pixels, 400 images).
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5. RESULTS AND DISCUSSION

51 Small-sample Effects @ Locality of NMF, LNMF and PCA

The dependencd BIMF on sample size was first investigated using the CBCL database. For this
purpose, three datasets with different sample sizes were constructed, with 2,429 images (i.e., the
complete database), 500 randgraélected images, and 100 randorséyected images. The
update rule in Eq. (4) and, hormalization were used. Random initial valuesHoandW were
obtained from a uniform distribution (0, 1), and the algorithm was allowed to run for 4,000

iterations.

Performance results are summarized in Table 1 and Fig. 2. As expected, the sparseness degraded
as the number of samples decreased. Collinearity also degraded with fewer samples, since the
basis vectors became increasingly holistic, as illustrated in Fy. Pifus, NMF fails to capture

the intrinsic local parts when training samples are limited.

Results for NMF, LNMF and PCA othe 100-sample dataset are summarized in Table 2 and
Fig. 3. The performance of NMF was largely insensitive to the objective dmncti
(D=Divergence, E=Euclidean), in agreement witlh. [However, L1 normalization improved
sparsenessas compared with, normalization.This is due to the fact thal;-normalization
constraintprovidesmore opportunities for elements to be zero in regrassodels [20].As
expected, LNMF produced highly locapresentationwith large reconstruction error, whereas
PCA generated holistiepresentationwith the lowest reconstruction error. It must be ndbed

in our implementation of LNMF,H was recalulated with Eq. (5a) to minimize¢he
reconstruction errgras described in Section 2. The original LNMF produeeshuch larger

reconstruction errore(~ 35%) than the valuesportedn Table 2.

10
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Fig. 2 Basis vectors obtained by NMF on CBCL dtabase(19x19 pixelg, r=49, 4,000
iterations. (a) 2429sample dataset(b) 100-sample dataset. The basis vectors became

holistic as the number of samples decreased.

Table 1 Characteristics changen basis vectors obtained by NMFRasfunction of samplesize.

Sparseness is a measure of locality ithe basis vectors.

Number of Error Sparseness Collinearity

Samples e (%) s (%) ¢ (arb.unit)
2429 8.70 38.82 8.23
500 8.41 36.15 10.17
100 6.12 26.56 18.73

11
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Fig. 3 Basis vectors obtained by NMF, LNMF and PCA100-sampleCBCL database
(19x19 pixely, r=49, 4,000 iterations. (a) NMFD-L 1, (b) NMF-E-L 1, (c) NMF-E-L,, (d)
LNMF (e) PCA (absolute values)

Table 2 Characteristics of basis vectors extracted by NMF
(D=Divergence, E=Euclidean) LNMF and PCA.

Error Collinearit;
Fig. 3 Sparseness y

e (%) s (%) # (arb.unit)
@@ NMF(D, L1) 6.40  27.46 18.50
(b) NMF(E,L1) 6.12  26.56 18.73
(©) NMF(E, L2) 6.02  21.31 22.78
(d LNMF 1374 9537 0.26
(e) PCA 4.87 0.028 0.00

12
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5.2 Evaluation of RNMF

The performance of RNMF was evaluated on the-dd)fiple CBCL dataset. The evolution of

the Fobenius error during iterative calculation is shown in Fig. 4 along with those of NMF and
LNMF. NMF and RNMF converged after 1,000 iterations, whereas LNMF required an
additional 2,000 iterations. The Frobenius error, sparseness and collinearity for RNKIF a
function of the regularization parameter are shown in Fig. 5, whereas the basis vectors obtained
for A6=8 andA6=20 are illustrated in Fig. 6. An increase in the regularization parameter led to
improved sparseness and orthogonality, though at the sxp®nhigher reconstruction errors.
Altogether, these results clearly show that RNMF produced more local representations than
NMF in the smallsample case (compare Fig. 6 with Fig.-8(p as well as lower reconstruction

errors than LNMF with comparablearseness.
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Fig. 4 Relative Frobenius error during calculation of basis vectors an@&ncodingvectors
using NMF (Euclidean, L; normalization), LNMF ( before recalculation of H) and RNMF
(¥4 and 8).

13
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Fig. 5 Performance ofRNMF as function of regularization parameterA§ compared with
that of NMF (Eucledian, L; normalization), LNMF and PCA. 100-sampleCBCL database
(19%x19 pixely, r=49, 4,000 iterations.
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Fig. 6 Basis vectorsobtained by RNMF. 100-sampleCBCL database(19x19 pixelg, r=49,
4,000 iterations. ()6 =8, (b) a&a06=20.

14
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The performance of the different models as a function of the number of basis vedors
illustrated in Fig. 7. The results observed in Fig. 5fer49 generalized for different numbers of
basis vectors, indicating that RNMF providettadeoff between low reconstruction errors (best

for PCA and NMF) and sparseness (best for LNMF). This tradeoff can be controlled by means of
the regularization parameter. Moreover, the results in Fig. 7(c) also show that the collinearity of
NMF increasedin a linear fashion with the number of basis vectors, whereas it remained

relatively small in the case of RNMF.

30 100 Sy v 40
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\g 25 ’\3 80 A g 30 land PCA x °
= Q/ . a
o 20 2 60 |4 RNMFo g
215 ¢ e 20 I RNMF 2
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- o ." :)(' =
FECH el e & 20 HTRNME o =
£ o LPCA Nwg~Z et 0 dBoooo o o RCAL O ,
[
o 0 50 100 0 50 100 0 50 100
Number of basis vectors Number of basis vectors Number of basis vectors

(a) (b) (©)
Fig. 7 Performance of RNMF, NMF (Euclidean, L; nhormalization), LNMF and PCA as
function of number of basis vectors. 10@ampleCBCL database(19x19 pixel9, 4,000

iterations.

In order to characterize the generalization capability of the models, the reconstruction error was
calaulated for an independent set of 100 images randomly selected from the CBCL database.
Encoding vectordd for these test images were obtained using the update rule in &doi4

NMF and RNMF, and Eq. & for LNMF, without updating thdasis vector®V obtained from
training data. The results, summarized in Fig. 8, show that RNMF provided lower reconstruction
errors than NMF and LNMF on the independent test set. Since NMF had lower training error
(see Fig. 5(a) and Fig. 7(a)), these results indicate thafiIlRNas improved generalization

properties, a result that can be expected from a regularization technique.

15
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Fig. 8 Relative Frobenius errorsof RNMF, NMF, LNMF and PCA on independent test set.

Finally, the performance of RNMF was evaluated using the O&habdse. 120 images (40
peoplex 3 images) were selected to extract basis vectors, and the remaining 280 images were
used as test dat@rainingresults summarizedn Figs. 9 10(a)and 1@b), reinforced the view of

RNMF as a parameterizettadeoff betwe@& low reconstruction error anbigh sparseness.
Validation results on the test set, shown in Fig. 10(c), also indibatethe generalization
capabilities of RNMFwere higher than LNMFand NMF for a wide range of values of the
regularization parametel@ Appropriate values foi6can be obtained through a separate eross

validation loop.

16
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Fig. 9 Basis vectorsobtained by NMF and RNMF on 120-sampleORL database(112x92
pixels). r=25, 4,000 iterations. (a) NMF, (b) RNMF (a- 6 )1 .
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Fig. 10 Performance of RNMF as compared with NMF (EuclideanL.1 normalization),
LNMF and PCA. ORL database(112x92 pixels), 120 images for training, 280 images for
testing,r=25, 4,000 iterations.
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6. CONCLUSIONS

This paper has introduced a novel dimensionaétjuction method, Regularized Naegative

Matrix Factorization (RNMF). The method combines the -negativity comstraint in
conventional NMF with a regularization term to obtain sparse representations of objects. The
performance of RNMF was systematically evaluated against NMF, LNMF and PCA on two
facial databases. Our results show that RNMF leads to sparser bewiss vihan NMF,
particularly in the smalbample case, and lower training reconstruction errors than LNMF. Thus,
the regularization parameter in RNMF provides a tradeoff between spatially local representation
and accurate data compression. More importatiig lower reconstruction errors obtained on
independent test data indicate that RNMF has improved generalization properties than both NMF
and LNMF, a result that is consistent with the properties of regularization methods. Since RNMF
provides high geneliaation capability and sparse basis vectors, even in ssaaiple scenarios,

it can be concluded that the method is able to extract the intrinsic parts of objects.
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